
PHYS4390 - Assignment 3

Due in Friday, Mar 2, 2012 (Time allowed=two weeks)

Show all working.

(1) (a) Suppose a two dimensional surface is given by,

(x, y, z) = (cos θ(e + f cos φ), sin θ(e + f cos φ), e sinφ),

(here e > f are just constants, 0 ≤ θ, φ < 2π) evaluate the (spatial, i.e. no time component) metric tensor
on this surface.
(b) Do the same for a surface described by f and θ where,

(x, y, z) = (f cos θ, f sin θ, af),

here a is a constant, f > 0 is and 0 ≤ θ < 2π.

(2) Suppose you are given the following coordinate transformation,

r =
√

x2 + y2

θ = arctan (y/x)

z = z

(a) Evaluate the (spatial) metric in (r, θ, z) coords.
(b) Calculate the connection coefficients, Γα

βγ .

(3) Show that the metric connection,

Γα
βγ =

1
2
gαδ

(
∂gδγ

∂xβ
+

∂gβδ

∂xγ
− ∂gβγ

∂xδ

)
,

satisfies the transformation relation for connection coefficients,

Γ′α
βγ =

∂x′α

∂xδ

∂xν

∂x′β
∂xµ

∂x′γ Γδ
νµ +

∂x′α

∂xδ

∂2xδ

∂x′β∂x′γ

(HINT: be careful with your notation on the indices - this derivation is very lengthy, and is largely an
exercise in careful writing, but it is not conceptually difficult.)

(4) (a) We showed that the metric connection preserves inner products under parallel transport. Using the
definition of the square of a vector,

N2 = gαβnαnβ,

and by considering the absolute derivative of N2 (in terms of connection coefficients), show that the metric
connection ensures the length of nα is preserved. (HINT: although it feels like a bit of a cheat, you can
assume that Dnα/Du = 0.)
(b) Hence, using the definition of the angle between 4-vectors,

cos (X, Y ) =
gabX

aY b

|gcdXcXd|1/2|gefY eY f |1/2

show, along a geodesic, that the angle between a tangent vector and another parallel transported vector is
preserved.

See overpage.
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(5) Verify the symmetries of the Riemann tensor,

Rabcd = −Rabdc,

Rabcd = −Rbacd,

Rabcd = Rcdab.

(6) Suppose we are given an affine parameter λ. Recall the equation for such a geodesic equation along the
path parameterized by λ is given by,

∇XXa = Xb∇bX
a = 0

where Xa are the tangent vectors along the path (dxa/dλ).
(a) Show that this is equivalent to,

d2xa

dλ2
+ Γa

bc

dxb

dλ

dxc

dλ
= 0.

(b) Suppose now we have a new parameter µ = µ(λ) which is another parameterization of the geodesic. If
we define W a = dxa/dµ then show that for µ the geodesic equation becomes,

W b∇bW
a = f(µ, λ)W a,

and find the expression for the function f(µ, λ). (HINT: Be careful during the derivation, and remember
that W a∂a = d/dµ.)
(c) For this new parameterization to have

W b∇bW
a = 0,

the function f(µ, λ) must be zero, which will define the expression for µ in terms of λ. Give the general
solution for µ as a function of λ.
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